A note on optimal replenishment policy for imperfect quality EMQ model with rework and backlogging  by Lin, Hong-Dar et al.
Computers and Mathematics with Applications 56 (2008) 2819–2824
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
A note on optimal replenishment policy for imperfect quality EMQ
model with rework and backloggingI
Hong-Dar Lin, Yuan-Shyi Peter Chiu, Chia-Kuan Ting ∗
Department of Industrial Engineering and Management, Chaoyang University of Technology, Wufong, Taichung 413, Taiwan
a r t i c l e i n f o
Article history:
Received 25 March 2007
Received in revised form 25 May 2008
Accepted 10 July 2008
Keywords:
Replenishment policy
Algebraic approach
EMQ
Rework
Backlogging
Inventory
a b s t r a c t
A recent article on optimal replenishment policy of imperfect EMQ model by Chiu [S.W.
Chiu, Optimal replenishment policy for imperfect quality EMQ model with rework and
backlogging, Applied Stochastic Models in Business and Industry 23 (2007) 165–178], used
mathematical modeling and differential calculus to derive the optimal ordering policy
that minimizes overall costs. This paper presents a straightforward algebraic approach to
replace the use of calculus on the cost function for determining the optimal replenishment
solutions as well as the long-run average production-inventory costs for such an imperfect
EMQ model. The algebraic method presented in this paper may enable students or
practitioners with little or no knowledge of calculus to learn or to manage with ease the
real-life manufacturing systems.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
The economic manufacturing quantity (EMQ) model is commonly used in the manufacturing sector for deriving the
optimal lot size and the time between initiations of production runs that minimizes the long run average production-
inventory cost per unit time. EMQ model assumes that manufacturing process functions perfectly at all times; however,
in most real-life situations, the generation of defective items is inevitable. Numerous researches have been carried out to
enhance the classic EMQ model by addressing the issue of imperfect items being produced [1–6]. In real-life production
environments, defective items produced sometimes can be reworked and repaired; hence, overall production-inventory
costs can be reduced further. For example, the rework process is often used in the process of plastic injection molding, or
in printed circuit board assembly in the PCBA manufacturing, etc. A few studies have been accomplished to address the
imperfect EMQ model with rework [7–10]. In a recent article, Chiu [11] studied the optimal replenishment policy for an
imperfect quality EMQ model with rework and backlogging using conventional approach. That is to derive the optimal lot-
size solution by using differential calculus on the long run cost function with the need to prove optimality first.
An algebraic approach to the solutions of classic economic order quantity (EOQ) and EMQ models without reference to
the use of derivatives was first introduced by Grubbström and Erdem [12]. Several studies have since been carried out using
the same method [13,14].
This paper extends the algebraic approach to the model examined by Chiu [11], replaces the use of differential calculus
with an algebraic method, and finds the optimal replenishment policy for an imperfect EMQmodel under the expected cost
minimization.
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2. The imperfect quality EMQmodel
Reconsider the imperfect quality EMQ model studied by Chiu [11], where the production rate P of a manufacturing
process is a constant and it ismuch larger than the demand rateλ. This processmay randomly generate x percent of defective
items at a rate d. All items produced are screened and the inspection cost per item is included in the unit production cost
c. The defective items fall into two groups: θ portion of them are identified as scrap and will be discarded before start of
the rework process (i.e. prior to reworking of the other (1− θ) portion of defective items). The rework process starts right
after regular production ends in each cycle, at a constant rate P1. A portion θ1 of the reworked items fails the repairing
and becomes scrap during the rework. The production rate d of the defective items can be expressed as the product of the
production rate times the defective rate. Hence, d can be written as d = Px. Let d1 denote the production rate of scrap items
during the rework process, then d1 can be expressed as the product of the reworking rate times the percentage of scrap items
produced during the rework process. Hence, d1 can be written as: d1 = P1θ1. Cost parameters considered in the proposed
model include: setup cost K , unit holding cost h, reworking cost CR and holding cost h1 for each reworked item, and disposal
cost Cs per scrap item. Additional notations used are listed below:
C = production cost per item ($ /item; inspection cost per item is included)
b = shortage cost per item per unit time, $ /item/unit time
Q = production lot size for each cycle
B = allowable backorder level, in units for each cycle
H1 = maximum level of on-hand inventory when regular production process stops
H = maximum level of on-hand inventory in units, when the reworking ends
TCU(Q , B) = the total inventory costs per unit time
As was stated by Chiu [11], during a production run, the basic assumption of imperfect quality EMQ model is that the
production rate P must always be greater than or equal to the sum of the demand rate λ and the rate d at which defective
items are produced. Hence, one must have P − d− λ = 0. The production cycle length is the summation of the production
uptime, the reworking time, the production downtime, and the shortage permitted time:
T =
5∑
i=1
ti. (1)
The following solution procedures are similar to what were given by prior works [7,8]. The expressions of production
uptime t1 and t5, reworking time t2, production downtime t3 and t4, the maximum levels of on-hand inventory H1 and H
are:
t1 = H1P − d− λ (2)
t5 = BP − d− λ (3)
t2 = x · Q (1− θ)P1 (4)
t3 = H
λ
(5)
t4 = B
λ
(6)
H1 = (P − d− λ) · QP − B (7)
H = H1 + (P1 − d1 − λ) t2. (8)
Among the defective items, a portion θ of them is scrap, and during the reworking of (1− θ) of defective items another
portion θ1 of the reworked items fails the repairing and becomes scrap; hence, the cycle length T is as shown in Eq. (9). If
we use ϕ to denote the total scrap rate, then ϕ = [θ + θ1(1− θ)], then Eq. (9) can be rewritten as Eq. (10).
T = Q [1− θ · x− (1− θ) · x · θ1]
λ
(9)
T = Q [1− ϕ · x]
λ
. (10)
The total inventory cost per cycle, TC(Q , B) is displayed in Eq. (11). To take the randomness of defective items into
account, one can obtain the long-run expected cost function E[TCU(Q , B)] = E[TC(Q , B)]/E[T ] as shown in Eq. (11) (given
by Chiu [11]):
H.-D. Lin et al. / Computers and Mathematics with Applications 56 (2008) 2819–2824 2821
TC (Q , B) = C · Q + CR [x · (1− θ) · Q ]+ CS (ϕ · x · Q )+ K
+ h
[
H1
2
(t1)+ H1 + H2 (t2)+
H
2
(t3)+ d (t1 + t5)2 (t1 + t5)
]
+ h1 P1t22 (t2)+ b
B
2
(t4 + t5) (11)
E [TCU (Q , B)] = λ
[
C
1
1− ϕE [x] + CR (1− θ)
E [x]
1− ϕE [x] + CSϕ
E [x]
1− ϕE [x]
]
+ Kλ
Q
1
1− ϕE [x]
+ h
2
[(
1− λ
P
)
Q − 2B
]
1
1− ϕE [x] +
λQ (1− θ)2
2P1
[h1 − h (1− θ1)] E [x]
2
1− ϕE [x]
+ B
2
2Q
(b+ h) E
(
1− x
1− x− λP
)
1
1− ϕE [x] + hϕ
[
B−
(
1− λ
P
)
Q
]
E [x]
1− ϕE [x]
+ hQϕ
2
2
E [x]2
1− ϕE [x] . (12)
3. Algebraic approach for determining optimal replenishment policy
Unlike the conventional approach (by applying the differential calculus on the long-run average production-inventory
cost function), this paper uses an algebraicmethod for determining the optimal lot-size aswell as optimal backlogging levels.
Rearrange Eq. (12) one obtains:
E [TCU (Q , B)] = λ
1− ϕE [x] [C + CR (1− θ) E [x]+ CSϕE [x]]+
1
2Q
· 1
1− ϕE [x]
{
2Kλ+ Q 2
[
h
(
1− λ
P
)
+ λ (1− θ)
2 E [x]2
P1
[h1 − h (1− θ1)]− 2hϕE [x]
(
1− λ
P
)
+ hϕ2E [x]2
]}
− hB
[
1
1− ϕE [x] −
ϕE [x]
1− ϕE [x]
]
+ B
2
2Q
(b+ h) E
(
1− x
1− x− λP
)
1
1− ϕE [x] . (13)
Let pi denote the following term:
pi = h
2 (1− ϕ · E[x])Q
2 (b+ h) · E
(
1−x
1−x− λP
) . (14)
Adding pi to and subtracting pi from Eq. (13), one will obtain:
E [TCU (Q , B)] = λ
1− ϕE [x] [C + CR (1− θ) E [x]+ CSϕE [x]]
+ 1
2Q
· 1
1− ϕE [x]
{
2Kλ+ Q 2
[
h
(
1− λ
P
)
+ λ (1− θ)
2 E [x]2
P1
[h1 − h (1− θ1)]
− 2hϕE [x]
(
1− λ
P
)
+ hϕ2E [x]2
]}
− hB+ B
2
2Q
(b+ h) E
(
1− x
1− x− λP
)
1
1− ϕE [x]
+ h
2 (1− ϕ · E[x])Q
2 (b+ h) · E
(
1−x
1−x− λP
) − h2 (1− ϕ · E[x])Q
2 (b+ h) · E
(
1−x
1−x− λP
) . (15)
Let z and v denote the following terms:
z = h
(
1− λ
P
)
+ λ (1− θ)
2 E [x]2
P1
[h1 − h (1− θ1)]− 2hϕE [x]
(
1− λ
P
)
+ hϕ2E [x]2 − h
2 (1− ϕ · E[x])2
(b+ h) · E
(
1−x
1−x− λP
)
(16)
v = (b+ h)
Q
E
(
1− x
1− x− λP
)
1
1− ϕE [x] . (17)
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Then one can rearranging Eq. (15) as two square terms in E[TCU(Q , B)] as follows.
E [TCU (Q , B)] = λ
1− ϕE [x] [C + CR (1− θ) E [x]+ CSϕE [x]]
+ 1
2Q
· 1
1− ϕE [x]
{[√
2Kλ−
√
Q 2 · z
]2 + 2√2Kλ√Q 2 · z}+ [√B2v
2
−
√
h2
2v
]2
. (18)
In Appendix, we show that both variables z and v are greater than zero. In order to minimize E[TCU(Q , B)], from Eq. (18)
one should have both of the following square terms equal to zero:[√
2Kλ− Q√z
]2 = 0 (19)[
B
√
v
2
− h
√
1
2v
]2
= 0. (20)
Hence, it follows that the optimal production lot size and the backorder level are:
Q ∗ =
√
2Kλ
z
=
√√√√√√
2Kλ
h
(
1− λP
)+ λ(1−θ)2E[x]2P1 [h1 − h (1− θ1)]− 2hϕE [x] (1− λP )+ hϕ2E [x]2 − h2(1−ϕ·E[x])2
(b+h)·E
(
1−x
1−x− λP
) (21)
B∗ = h
v
= h
(b+ h) ·
1− ϕE [x]
E
(
1−x
1−x− λP
) · Q ∗. (22)
One notes that Eqs. (21) and (22) yield the same result as were derived by using conventional differential calculus by
Chiu [11]. Now, suppose that production process functions perfectly during a specific production run (i.e. defective rate
x = 0), one confirms that Eq. (21) becomes the same equation as the one given by the classic EMQ model (Hillier and
Lieberman [15]):
Q ∗ =
√
2Kλ
h
(
1− λP
) ·√b+ h
b
. (23)
By substituting Q ∗ and z into Eq. (18), the long run expected cost function E[TCU(Q ∗, B∗)] can be obtained:
E [TCU (Q , B)]
= λ
1− ϕE [x] [C + CR (1− θ) E [x]+ CSϕE [x]]+
√
2Kλ
1− ϕE [x]
×
√√√√√h
(
1− λ
P
)
+ λ (1− θ)
2 E [x]2
P1
[h1 − h (1− θ1)]− 2hϕE [x]
(
1− λ
P
)
+ hϕ2E [x]2 − h
2 (1− ϕ · E[x])2
(b+ h) · E
(
1−x
1−x− λP
) . (24)
4. Conclusions
This paper uses a straightforward algebraic approach instead of conventional calculus to re-solve the imperfect quality
EMQmodel examined by Chiu [11]. As a result, this simplified method demonstrates that the optimal replenishment policy
as well as the long-run average cost per unit time for such a realistic EMQmodel can be derived without using derivatives. It
may enable students or practitionerswith little or no knowledge of calculus to learn about ormanage real lifemanufacturing
systems with ease.
Appendix
Demonstration of both variables z and v are nonnegative:
Recall the holding costs in the fifth term of the total inventory cost per cycle TC(Q , B) (i.e. Eq. (11)) and inside the bracket
of the second term of long-run expected cost function E[TCU(Q , B)] (i.e. Eq. (13)): because the holding costs are positive,
hence the second term of E[TCU(Q , B)]must be a positive value. By definition and under practical assumption, one knows
that random defective rate 0 5 x < 1, overall scrap rate 0 5 ϕ < 1, 0 < [1−ϕE[x]] 5 1, and 1/[1−ϕE[x]] > 0. Therefore,
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the following term (from Eq. (13)) is positive:
h
(
1− λ
P
)
+ λ (1− θ)
2 E [x]2
P1
[h1 − h (1− θ1)]− 2hϕE [x]
(
1− λ
P
)
+ hϕ2E [x]2 > 0. (A.1)
Under practical assumption of EMQ model, one realizes P is much greater than λ, so that 0 < (1 − λ/P) < 1; holding
cost during rework process h1 = h and the failure-in-rework rate 0 5 θ1 < 1. Therefore, the second term of Eq. (A.1) is
nonnegative. Further, since 0 < (1− λ/P) < 1, the first, third, and fourth terms of Eq. (A.1) satisfy the following:[
h
(
1− λ
P
)
− 2hϕE [x]
(
1− λ
P
)
+ hϕ2E [x]2
]
>
[
h
(
1− λ
P
)
− 2hϕE [x]
(
1− λ
P
)
+ h
(
1− λ
P
)
ϕ2E [x]2
]
.
(A.2)
The right-hand-size (RHS) of Eq. (A.2) becomes:[
h
(
1− λ
P
)
− 2hϕE [x]
(
1− λ
P
)
+ h
(
1− λ
P
)
ϕ2E [x]2
]
= h
(
1− λ
P
)
(1− ϕE [x])2 . (A.3)
Because both holding cost h and backordering cost b are positive, the RHS of Eq. (A.3) has:
h
(
1− λ
P
)
(1− ϕE [x])2 > h
(
h
b+ h
)(
1− λ
P
)
(1− ϕE [x])2 . (A.4)
Then the RHS of Eq. (A.4) satisfies the following:
h
(
h
b+ h
)(
1− λ
P
)
(1− ϕE [x])2 > h
(
h
b+ h
)(
1− x− λP
1− x
)
(1− ϕE [x])2 . (A.5)
From Eqs. (A.2)–(A.5), we have:[
h
(
1− λ
P
)
− 2hϕE [x]
(
1− λ
P
)
+ hϕ2E [x]2
]
>
h2 (1− ϕ · E[x])2
(b+ h) · E
(
1−x
1−x− λP
) . (A.6)
Therefore, variable z is greater than zero:
z = h
(
1− λ
P
)
+ λ (1− θ)
2 E
[
x2
]
P1
[h1 − h (1− θ1)]− 2hϕE [x]
(
1− λ
P
)
+ hϕ2E [x2]− h2 (1− ϕ · E[x])2
(b+ h) · E
(
1−x
1−x− λP
) > 0. (A.7)
To demonstrate that variable v (in Eq. (17)) is greater than zero, by definition and under practical assumption, one realizes
that lot-size Q , holding cost h, backordering cost b, E[(1− x)/[1− x− (λ/P)]], and 1/[1− ϕE[x]] are all positive. Hence, v
is greater than zero.
References
[1] H.L. Lee, M.J. Rosenblatt, Simultaneous determination of production cycle and inspection schedules in a production system, Management Sciences 33
(1987) 1125–1136.
[2] T.C.E. Cheng, An economic order quantity model with demand-dependent unit production cost and imperfect production processes, IIE Transactions
23 (1991) 23–28.
[3] M. Berg, M.J.M. Posner, H. Zhao, Production-inventory systems with unreliable machines, Operations Research 42 (1994) 111–118.
[4] A. Arreola-Risa, G.A. DeCroix, Inventorymanagement under random supply disruptions and partial backorders, Naval Research Logistics 45 (7) (1998)
687–703.
[5] K.J. Chung, K.L. Hou, An optimal production run timewith imperfect production processes and allowable shortages, Computers & Operations Research
30 (2003) 483–490.
[6] S.W. Chiu, C-K. Ting, Y-S.P. Chiu, Optimal production lot sizing with rework, scrap rate, and service level constraint, Mathematical and Computer
Modeling 46 (3–4) (2007) 535–549.
[7] P.A. Hayek, M.K. Salameh, Production lot sizing with the reworking of imperfect quality items produced, Production Planning and Control 12 (2001)
584–590.
[8] S.W. Chiu, Production run time problemwith machine breakdowns under AR control policy and rework, Journal of Scientific & Industrial Research 66
(12) (2007) 979–988.
[9] S.W. Chiu, Effects of service level constraint and failure-in-repair on an economic manufacturing quantity model, Proceedings of the Institution of
Mechanical Engineers Part B: Journal of Engineering Manufacture 221 (7) (2007) 1235–1243.
[10] A.M.M. Jamal, B.R. Sarker, S. Mondal, Optimal manufacturing batch size with rework process at a single-stage production system, Computers &
Industrial Engineering 47 (2004) 77–89.
2824 H.-D. Lin et al. / Computers and Mathematics with Applications 56 (2008) 2819–2824
[11] S.W. Chiu, Optimal replenishment policy for imperfect quality EMQ model with rework and backlogging, Applied Stochastic Models in Business and
Industry 23 (2007) 165–178.
[12] R.W. Grubbström, A. Erdem, The EOQwith backlogging derivedwithout derivatives, International Journal of Production Economics 59 (1999) 529–530.
[13] L.E. Cárdenas-Barrón, The economic production quantity (EPQ) with shortage derived algebraically, International Journal of Production Economics 70
(2001) 289–292.
[14] H.-M. Wee, C.J. Chung, A note on the economic lot size of the integrated vendor—buyer inventory system derived without derivatives, European
Journal of Operational Research 177 (2) (2007) 1289–1293.
[15] F.S. Hillier, G.J. Lieberman, Introduction to Operations Research, McGraw-Hill Companies, Inc., New York, 2001, pp. 943–946.
